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Abstract
We present an extension of Nelson’s stochastic quantum mechanics to finite temperature. Utilizing the formulation of
Thermo Field Dynamics (TFD), we can show that Ito’s stochastic equations for tilde and non-tilde particle positions
reproduce the TFD-type Schro¨dinger equation which is equivalent to the Liouville-von Neumann equation. In our
formalism, the drift terms in the Ito’s stochastic equation have the temperature dependence and the thermal fluctuation
is induced through the correlation of the non-tilde and tilde particles. We show that our formalism satisfy the position-
momentum uncertainty relation at finite temperature.
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1. Introduction
The stochastic quantum mechanics was introduced
by Nelson in 1966 [1]. There the motion of a particle
in a microscopic world, governed by quantum theory,
is described by the hypothetical stochastic processes,
as the Brownian motion. Thus the particle, obeying
the classical equation of motion, is affected by hypo-
thetical random noise. In Nelson’s theory, one sets up
the separate stochastic equations in forward and back-
ward time directions, so that the temporal reversibility
of microscopic motion is restored as a whole. Actu-
ally, from the set of the forward and backward stochas-
tic equations, and the Newton type of the equation of
motion, called the Nelson-Newton equation, follows the
reversible Schro¨dinger equation.
According to the Nelson’s theory, we have an ensem-
ble of an infinite number of classical trajectories (sam-
ple paths), and the average of any observable over them
is equal to its expectation value, given by the wave func-
tion in quantum mechanics. But the Nelson’s theory of-
fers us a wider scope, i.e., we can calculate probability
distributions and expectation values of physical quanti-
ties which cannot be represented by operators, such as
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a time parameter. As an example, we refer to the tun-
neling time, arrival one and presence one of a particle in
some region [2, 3, 4, 5].
After Nelson presented his theory, the extensions of
the Nelson’s approach were examined by several au-
thors. A stochastic quantization based on stochastic ac-
tion [6, 7] were introduced in 1980s. The generalization
of Nelson’s approach to interacting many particles were
performed in Refs. [8, 9].
The applications of the Nelson’s stochastic quantum
mechanics to dissipative system were investigated in
Refs. [10, 11, 12, 13, 14, 15]. For example, Ruggiero
and Zannetti proposed a stochastic description of the
harmonic oscillator for the ground state in equilibrium
with a thermal bath [11, 12], and studied the anharmonic
one later [13]. Using a coherent state of the harmonic
oscillator, they introduce the classical solution and its
quantum fluctuation which obeys the Nelson’s stochas-
tic quantum mechanics. Introducing the temperature
dependent random noise to the classical equation, they
constructed the diffusion process with thermal mixture
for the harmonic oscillator. Their approach describes
the dissipative process with quantum fluctuation and re-
duces to the Nelson’s approach at zero temperature. But
it is not clear whether their method fulfills the proper-
ties described by quantum statistical mechanics, such as
position-momentum uncertainty relation at finite tem-
perature [16, 17].
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The purpose of this paper is to extend the Nelson’s
stochastic quantum mechanics to thermal situation in
framework of Thermo Field Dynamics (TFD) [18]. The
average of a thermal mixed state is replaced by that of a
pure state in the TFD formulation at the price of dou-
bling each degree of freedom: a new tilde degree of
freedom is introduced to each original non-tilde one,
and the state vector space is a direct product of non-
tilde and tilde state vector spaces. In other words, ther-
mal fluctuations are realized as quantum fluctuations
through the correlation between non-tilde and tilde sec-
tors. Since in the Schro¨dinger picture of TFD the dy-
namical evolution is described by the Schro¨dinger equa-
tion with doubled degrees of freedom which is equiv-
alent to the Liouville-von Neumann equation for the
density matrix, we attempt to establish the Nelson’s
stochastic description to this TFD-type Schro¨dinger
equation.
This paper is organized as follows. In Sec. 2, we
briefly review the Nelson’s stochastic quantum mechan-
ics and its equivalence to the Schro¨dinger equation. We
introduce the TFD formalism and show its relation to
the density matrix formalism in Sec. 3. Then we rewrite
the TFD-type Schro¨dinger equation into the dynami-
cal and kinematical equations , which will be derived
from the Nelson’s stochastic quantization. Section 4 is a
main part of the paper, where we introduce the stochas-
tic equations and Nelson-Newton equations for the non-
tilde and tide particles. The set of these equations turns
out to be equivalent to the TFD-type Schro¨dinger equa-
tion. In Sec. 5, we apply our formalism to a harmonic
oscillator and show the position-momentum uncertainty
relation at finite temperature. Section 6 is devoted to
summary.
2. Nelson’s stochastic quantum mechanics
In this section, we briefly review the Nelson’s
stochastic quantum mechanics and show its equivalence
to the Schro¨dinger equation. Here, for simplicity, we
consider the one-body Schro¨dinger equation:
i~
∂
∂t
Ψ(x, t) =
(
− ~
2
2m
∇2 + V(x, t)
)
Ψ(x, t) , (1)
with a mass m and an external potential V(x, t). When
we rewrite the wave functionΨ into the formΨ = eR+iS ,
where R and S are real functions, and define the current
and osmotic velocities as
v =
~
m
∇S , (2)
u =
~
m
∇R , (3)
the gradient of equation (1) is transformed into the two
equations, called the dynamical and kinematical equa-
tions, respectively,
∂v
∂t
=
~
2m
∇2u + u · (∇u) − v · (∇v) − 1
m
∇V ,
(4)
∂u
∂t
= − ~
2m
∇2v − ∇(u · v) . (5)
It can be shown as below that the Nelson’s stochastic
quantum mechanics leads to equations (4) and (5).
The first assumption of the Nelson’s stochastic quan-
tization is the stochastic differential equations for the
particle position x(t). Since a single stochastic equa-
tion describes an irreversible process, we set up a
pair of stochastic equations for forward and backward
time evolutions separately, aiming at the reversible
Schro¨dinger equation, explicitly
dx(t) = b(x(t), t)dt +
√
~
m
dW , (6)
(dx(t) = x(t + dt) − x(t)) ,
for forward time evolution and
dx(t) = b∗(x(t), t)dt +
√
~
m
dW∗ , (7)
(dx(t) = x(t) − x(t − dt)) ,
for backward one (dt > 0). Here W and W∗ are the
standard Wiener processes
E[dWi(t)] = E[dWi∗(t)] = 0 i = x, y, z , (8)
E[dWi(t)dW j(t)] = E[dW∗i(t)dW∗ j(t)] = δi jdt , (9)
where E[· · · ] means a sample average.
The second assumption is the Nelson-Newton equa-
tion of motion, defining the mean acceleration a(t) of
random variables x(t) as follows:
ma(t) = −∇V . (10)
Here, the mean acceleration a(t) is defined as
a(t) = 1
2
(DD∗ + D∗D)x(t) . (11)
with the mean forward time derivative D ,
D f (t) = lim
dt→0+
E
[ f (x(t + dt)) − f (x(t))
dt
∣∣∣∣∣ x(t)
]
,
(12)
and the mean backward one D∗ ,
D∗ f (t) = lim
dt→0+
E
[ f (x(t)) − f (x(t − dt))
dt
∣∣∣∣∣ x(t)
]
,
(13)
2
where E[· · · |x(t)] means the conditional expectation.
From equations (6) and (7), the expression of the mean
acceleration a(t) is obtained as
a(t) = ∂
∂t
(D + D∗)x
2
+
1
2
(D∗x · ∇)Dx
+
1
2
(Dx · ∇)D∗x − ~2m∇
2 (D − D∗)x
2
. (14)
Let us define the current and osmotic velocities as
v =
1
2
(b + b∗) = 12(D + D∗)x , (15)
u =
1
2
(b − b∗) = 12(D − D∗)x , (16)
where we utilize the relations, b = Dx and b∗ =
D∗x. Then, substituting equation (14) into the Nelson-
Newton equation of motion (10), we obtain the equation
for the current velocity:
∂
∂t
v =
~
2m
∇2u − (v · ∇)v + (u · ∇)u − 1
m
∇V . (17)
The stochastic processes of the random variable x(t)
in equations (6) and (7) are equivalently formulated by
means of the distribution function P(x, t) which satisfy
the Fokker-Planck equations,
∂
∂t
P = −∇ · (bP) + ~2m∇
2P (18)
for forward time and
∂
∂t
P = −∇ · (b∗P) − ~2m∇
2P (19)
for backward time. The sum of equations (18) and (19)
is the continuity equation
∂
∂t
P + ∇ · (vP) = 0 , (20)
while their difference yields the relation
∇ ·
{
uP − ~
2m
∇P
}
= 0 . (21)
Though the last equation implies uP − ~2m∇P = ∇ × C
with an arbitrary vector function C(x, t), it is shown [19]
that ∇ × C = 0, i.e.,
u =
~
2m
∇ ln P . (22)
From equations (20) and (22), one derives
∂
∂t
u =
~
2m
∂
∂t
∇ ln P
= − ~
2m
∇(∇ · v) − ∇(u · v) . (23)
Assuming that v is given by a gradient of a scalar func-
tion, we have the equation for the osmotic velocity as
∂
∂t
u = − ~
2m
∇2v − ∇(u · v) , (24)
using 0 = ∇ × (∇ × v) = ∇(∇ · v) − ∇2v.
Thus the equations of the current and osmotic veloci-
ties derived from Nelson’s stochastic quantum mechan-
ics, equations (17) and (24), are identical to equations
(4) and (5) originating from the Schro¨dinger equation.
3. Thermo Field Dynamics
In this section, we introduce a formulation of Thermo
Field Dynamics (TFD) in which the average over a den-
sity matrix is replaced with a pure state average in the
doubled Hilbert space. To each original operator A,
called a non-tilde operator, we introduce a new inde-
pendent one ˜A, called a tilde one.
The eigenvalue problems for the non-tilde and tilde
Hamiltonians are
H|un〉 = En|un〉 . |un〉 ∈ H , (25)
˜H|u˜n〉 = En|u˜n〉 . |u˜n〉 ∈ ˜H , (26)
respectively. We construct a pure state vector |Φ〉 from
a superposition of particular vectors |un, u˜n〉 ∈ ˆH with
a common n in the doubled Hilbert space ˆH = H ⊗ ˜H
with real coefficients fn as
|Φ〉 =
∑
n
fn|un, u˜n〉 . (27)
Then the expectation value of any non-tilde operator A
for this |Φ〉 becomes
〈Φ|A|Φ〉 =
∑
n
f 2n 〈un|A|un〉 = Tr[ρA] , (28)
ρ =
∑
n
f 2n |un〉〈un| , (29)
where the ortho-normal condition 〈un|um〉 = 〈u˜n|u˜m〉 =
δnm has been used. This way the expectation value for
the pure state vector |Φ〉, which is called a thermal vac-
uum, is equivalent to the trace average over the density
matrix ρ. If we set f (eq)n = e− βEn2 /(∑n e−βEn )1/2 , where
β is the inverse temperature, equation (28) is reduced to
the trace average in thermal equilibrium. We may say
that the TFD formalism represents the thermal fluctua-
tion through the quantum correlation between non-tilde
and tilde particles.
In TFD, the total Hamiltonian of the system is given
by
ˆH = H − ˜H , (30)
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and the Heisenberg operators A(t) and ˜A(t) obey the
Heisenberg equations
i~
d
dt A = [A,
ˆH] = [A,H] , (31)
i~
d
dt
˜A = [ ˜A, ˆH] = −[ ˜A, ˜H] . (32)
Note that all the canonical commutation relations be-
tween non-tilde and tilde operators vanish. The minus
sign in front of ˜H in equation (30) is crucial, which is
required from the stability of the thermal vacuum |Φ〉
in equation (27) including the thermal equilibrium [18].
It also implies that the tilde system corresponds to the
time reversed one of the non-tilde particle.
The exchange operations of non-tilde and tilde oper-
ators are summarized in the tilde conjugation rules [18]
in TFD:
(c1A + c2B)∼ = c∗1 ˜A + c∗2 ˜B (33)
( ˜A)∼ = A (34)
(A†)∼ = ˜A† (35)
(AB)∼ = ˜A ˜B . (36)
where c1 and c2 are complex number. We note that the
thermal vacuum is invariant under the tilde conjugation:
|Φ〉∼ = |Φ〉 , 〈Φ|∼ = 〈Φ| , (37)
where (c|un, u˜m〉)∼ = c∗|um, u˜n〉 .
The time evolution of any state vector |Ψ(t)〉 in
the Schro¨dinger picture is governed by the TFD-type
Schro¨dinger equation:
i~
d
dt |Ψ(t)〉 = (H −
˜H)|Ψ(t)〉 = ˆH|Ψ(t)〉 . (38)
For the thermal vacuum |Φ〉, this equation reads as
0 = ˆH|Φ〉 , (39)
implying that the thermal vacuum is a stationary state
with zero eigenvalue. We require that the state vec-
tor |Ψ(t)〉 describing thermal situation should satisfy the
tilde invariance
(|Ψ(t)〉)∼ = |Ψ(t)〉 . (40)
The reason for this will be clear soon, in connection to
the equivalence to the density matrix formalism.
As an example of using equation (38), one can imag-
ine the case in which an isolated system is initially
in a stationary thermal vacuum in equation (27) and
a time-dependent external potential is switched on at
t = 0 . Then the total Hamiltonian is time-dependent,
ˆH(t) = H(t) − ˜H(t) and the state vector is given by
|Ψ(t)〉 =
∑
n
fn|un(t), u˜n(t)〉 , (41)
where |un(t)〉 and |u˜n(t)〉 obey the following equations
i~
d
dt |un(t)〉 = H(t)|un(t)〉 , (42)
i~
d
dt |u˜n(t)〉 = −
˜H(t)|u˜n(t)〉 , (43)
under the initial conditions: |un(t = 0)〉 = |un〉 and
|u˜n(t = 0)〉 = |u˜n〉. Note that the tilde invariance of the
state vector |Ψ(t)〉 is preserved under the time evolution.
The TFD formalism has a one-to-one correspondence
to the super-operator formalism for density matrix [20,
21]. In the Schro¨dinger picture of quantum statistical
mechanics, the density matrix ρ(t) obeys the Liouville-
von Neumann equation
i~
d
dtρ(t) = Lρ(t) , (44)
where L is the Liouville operator:
L · · · = [H, · · · ] . (45)
In the super-operator formalism, the density matrix is
treated as a vector in a vector space on which an oper-
ator acts in two ways: an operation from the left-hand
side of ρ as Aρ , and the other one from the right-hand
side of ρ as ρA. We may rewrite right side operation
as ˜A†ρ = ρA. This is the way how every operator is
doubled and the operator A accompanies its tilde conju-
gation ˜A. Furthermore, rewriting the Liouville operator
as Lρ = (H − ˜H)ρ, we can recognize the form of the
TFD Hamiltonian: H − ˜H. The state vector |Ψ〉 in the
doubled Hilbert space corresponds to a density matrix ρ
and its tilde invariance in equation (40) corresponds to
the hermiticity of the density matrix ρ† = ρ. The cor-
respondence between the super-operator formalism and
TFD is as follows,
ρ ↔ |Ψ〉 , (46)
Aρ ↔ A|Ψ〉 , (47)
ρA† ↔ ˜A|Ψ〉 , (48)
L ↔ ˆH = H − ˜H , (49)
and
i~
d
dtρ(t) = Lρ(t)
↔ i~ ddt |Ψ(t)〉 = (H −
˜H)|Ψ(t)〉 . (50)
Finally, we rewrite the TFD-type Schro¨dinger equa-
tion into the from of the dynamical and kinematical
equations. In the coordinate representation (Ψ(x, x˜, t) =
4
〈x, x˜|Ψ(t)〉), the TFD-type Schro¨dinger equation is
given by
i~
∂
∂t
Ψ(x, x˜, t) =
[
H(∇, x, t) − H( ˜∇, x˜, t)
]
Ψ(x, x˜, t) ,
(51)
with
H(∇, x, t) = − ~
2
2m
∇2 + V(x, t) , (52)
and the tilde invariance
Ψ(x, x˜, t) = (Ψ(x, x˜, t))∼ = Ψ∗(x˜, x, t) . (53)
Now, let us put the wave function Ψ = eR+iS and intro-
duce the current and osmotic velocities as
v =
~
m
∇S , v˜ = − ~
m
˜∇S , (54)
u =
~
m
∇R , u˜ = ~
m
˜∇R . (55)
Then equation (52) is transformed into the dynamical
and kinematical equations
∂v
∂t
=
~
2m
(∇2 − ˜∇2)u + (u · ∇ − u˜ · ˜∇)u
−(v · ∇ + v˜ · ˜∇)v − 1
m
∇(V − ˜V) , (56)
∂u
∂t
= − ~
2m
(∇2 − ˜∇2)v − ∇(u · v + u˜ · v˜) , (57)
and their tilde conjugates. The notation ˜V stands for
V(x˜, t).
4. Nelson’s Stochastic Quantization in Thermo Field
Dynamics
In this section, we extend the Nelson’s stochastic
quantization to systems described by TFD. Our aim is to
drive the dynamical and kinematical equations (56) and
(57), equivalent to the Liouville-von Neumann equa-
tion, from the stochastic differential equations.
A naive extension of non-tilde system to non-tilde
and tilde one is unsuccessful, since then the total Hamil-
tonian would be not H − ˜H but H + ˜H . In order to ac-
commodate the minus sign in front of ˜H, we classify the
four stochastic differential equations into the following
two groups: one is a pair of those for x(t) in forward
evolution and x˜(t) in backward one
dx(t) = b(x(t), x˜(t), t)dt +
√
~
m
dW , (58)
(dx(t) = x(t + dt) − x(t)) ,
d x˜(t) = ˜b∗(x(t), x˜(t), t)dt +
√
~
m
d ˜W∗ , (59)
(d x˜(t) = x˜(t) − x˜(t − dt)) ,
and the other is a pair of those for x(t) in backward evo-
lution and x˜(t) in forward one
dx(t) = b∗(x(t), x˜(t), t)dt +
√
~
m
dW∗ , (60)
(dx(t) = x(t) − x(t − dt)) ,
d x˜(t) = ˜b(x(t), x˜(t), t)dt +
√
~
m
d ˜W , (61)
(d x˜(t) = x˜(t + dt) − x˜(t)) .
Here dW , d ˜W∗ , dW∗ , d ˜W are independent Wiener pro-
cesses. The above grouping is suggested by the fact that
the equation of the tilde particle is a time reversed one
of the non-tilde particle in TFD.
A crucial step in our present formulation is to intro-
duce new mean time derivatives by
¯D f (x(t), x˜(t), t)
= lim
dt→0+
E
[
1
dt { f (x(t + dt), x˜(t), t + dt)
− f (x(t), x˜(t − dt), t)}
∣∣∣∣∣ x(t), x˜(t)
]
,
(62)
¯D∗ f (x(t), x˜(t), t)
= lim
dt→0+
E
[
1
dt { f (x(t), x˜(t + dt), t)
− f (x(t − dt), x˜(t), t − dt)}
∣∣∣∣∣ x(t), x˜(t)
]
,
(63)
The mean derivatives ¯D and ¯D∗ are hybrids of the orig-
inal D and D∗, and give the formulas for f (x(t), x˜(t), t) ,
¯D f = ∂ f
∂t
+ b · (∇ f ) + ˜b∗ · ( ˜∇ f )
+
~
2m
∇2 f − ~
2m
˜∇2 f , (64)
¯D∗ f = ∂ f
∂t
+ b∗ · (∇ f ) + ˜b · ( ˜∇ f )
+
~
2m
∇2 f − ~
2m
˜∇2 f . (65)
Then, utilizing the relations for any function
f (x(t), x˜(t)) ,
d
dt E[ f ] = E[
¯D f ] = E[ ¯D∗ f ] , (66)
we can obtain the Fokker-Planck equations for the dis-
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tribution P(x, x˜, t) ,
∂P
∂t
= −∇ · (bP) − ˜∇ · ( ˜b∗P)
+
1
2
~
m
(
∇2 − ˜∇2
)
P , (67)
∂P
∂t
= −∇ · (b∗P) − ˜∇ · ( ˜bP)
−1
2
~
m
(
∇2 − ˜∇2
)
P . (68)
Here, we define the current and osmotic velocities of the
non-tilde and tilde particles as
u =
1
2
(b − b∗) , v = 12 (b + b∗) , (69)
u˜ =
1
2
( ˜b − ˜b∗) , v˜ = 12 (
˜b + ˜b∗) , (70)
respectively. The difference of equations (67) and (68)
gives us the relation:
∇ ·
(
uP − ~
2m
∇P
)
− ˜∇ ·
(
(u˜P) − ~
2m
˜∇P
)
= 0 . (71)
The argument to derive equation (22) applies here as
well, so we have
u =
~
2m∇ ln P , u˜ =
~
2m
˜∇ ln P . (72)
The sum of equations (67) and (68) is the continuity
equation,
∂
∂t
P + ∇ · (vP) + ˜∇ · (v˜P) = 0 . (73)
From equations (72) and (73) follows the TFD-type
kinematical equation (57) as
∂
∂t
u =
~
2m
∇
(
1
P
∂P
∂t
)
=
~
2m
∇
{
− 1
P
∇ · (vP) − 1
P
˜∇ · (v˜P)
}
= ∇
{
− ~
2m
∇ · v − ~
2m
˜∇ · v˜ − v · u − v˜ · u˜
}
= − ~
2m
(
∇2 − ˜∇2
)
v − ∇(u · v + u˜ · v˜) . (74)
In the last equality we have assumed that v and v˜ are
gradients of a single function g(x, x˜, t) as v = ∇g and
−v˜ = ˜∇g , so that ∇(∇·v) = ∇2v and ∇( ˜∇· v˜) = −∇ ˜∇2g =
− ˜∇2v . Next, we derive an expression of the mean accel-
eration a(t). Its natural candidate would be an average
of the quantities ¯D∗ ¯Dx(t) and ¯D ¯D∗x(t), each of which
can be computed as
¯D∗ ¯Dx =
∂b
∂t
+ (b∗ · ∇)b + ( ˜b · ˜∇)b
− ~
2m
(∇2 − ˜∇2)b , (75)
¯D ¯D∗x =
∂b∗
∂t
+ (b · ∇)b∗ + ( ˜b∗ · ˜∇)b∗
+
~
2m
(∇2 − ˜∇2)b∗ , (76)
and their tilde conjugates. Then, the mean accelerations
a and a˜ are given by
a =
∂v
∂t
− ~
2m
(
∇2 − ˜∇2
)
u
+(v · ∇ + v˜ · ˜∇)v − (u · ∇ − u˜ · ˜∇)u , (77)
and its tilde conjugate. We require the following
Nelson-Newton equations,
ma = −∇(V − ˜V) , (78)
ma˜ = ˜∇(V − ˜V) . (79)
Substituting equation (77) into the former equation, we
obtain the TFD-type dynamical equation:
∂v
∂t
=
~
2m
(
∇2 − ˜∇2
)
u + (u · ∇ − u˜ · ˜∇)u
−(v · ∇ + v˜ · ˜∇)v − 1
m
∇(V − ˜V) . (80)
Consequently, if any solution of the TFD-type
Schro¨dinger equation Ψ(x, x˜, t) = eR+iS is given, the
drift terms in the stochastic equations are given by the
gradients of R and S as
b = ~
m
∇(R + S ) , (81)
b∗ = − ~
m
∇(R − S ) , (82)
˜b = ~
m
˜∇(R − S ) , (83)
˜b∗ = − ~
m
˜∇(R + S ) . (84)
Thus we have the Nelson’s stochastic quantum me-
chanics, equivalent to the TFD-type Schro¨dinger equa-
tion.
5. Application to Harmonic Oscillator and General-
ized Uncertainty Relation
We apply the Nelson’s stochastic quantum mechanics
at finite temperature in the previous section to a particle
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in one dimensional harmonic oscillator. The TFD-type
Schro¨dinger equation is
i~
∂
∂t
Ψ(x, x˜, t) =
(
H − ˜H
)
Ψ(x, x˜, t) , (85)
H =
(
− ~
2
2m
∂2
∂x2
+
ω2m
2
x2
)
. (86)
In thermal equilibrium, the wave function Ψ is given by
Ψeq(x, x˜) =
∑
n
e−
β~ωn
2
Z(β)1/2 un(x)u
∗
n(x˜) , (87)
(
− ~
2
2m
∂2
∂x2
+
ω2m
2
x2
)
un(x) = ~ω
(
n +
1
2
)
un(x) ,
(88)
with n = 0, 1, 2, · · · . Using the Feynman kernel,
ψ(x1, t1) =
∫
K(x1, t1; x2, t2)ψ(x2, t2) dx2 , (89)
K(x1, t1; x2, t2) =
√
mω
2pi~ sinω(t1 − t2)e
iS cl/~ ,
(90)
S cl =
mω
2 sinω(t1 − t2)
×[(x21 + x22) cosω(t1 − t2) − 2x1x2] , (91)
we obtain the analytic solution of the TFD-type
Schro¨dinger equation in thermal equilibrium as
Ψeq(x, x˜) = 1Z(β)1/2 K(x,−i~β/2; x˜, 0) , (92)
Z(β) = 1
2 sinh(β~ω/2) , (93)
K(x, x˜;−i~β/2, 0) =
√
mω
2pi~ sinh(β~ω/2)e
Req , (94)
Req = −mω
~
(x2 + x˜2) cosh(β~ω/2) − 2xx˜
2 sinh(β~ω/2) . (95)
Then, the drift terms in the stochastic equations are cal-
culated as
beq(x(t), x˜(t)) =
−ω
(
x(t) cosh(β~ω/2)
sinh(β~ω/2) − x˜(t)
1
sinh(β~ω/2)
)
,
(96)
˜beq∗(x(t), x˜(t)) =
ω
(
x˜(t) cosh(β~ω/2)
sinh(β~ω/2) − x(t)
1
sinh(β~ω/2)
)
.
(97)
Note that the drift term beq(x(t), x˜(t)) has the tempera-
ture dependence because of the temperature dependence
of the wave function Ψeq(x, x˜). In the limit of zero tem-
perature β → ∞, the drift term beq(x(t), x˜(t)) is reduced
to beq(x(t), x˜(t)) → −ωx(t), that is, the correlation be-
tween the non-tilde and tilde particles disappears. This
way, our formalism reproduces the original Nelson’s
stochastic quantum mechanics at zero temperature. The
numerical results of the non-tilde and tilde stochastic
equations are shown in figures 1 and 2. Figure 1 shows
stronger correlations between X and ˜X for higher tem-
perature, namely larger thermal fluctuations. One can
see that the probability distribution from numerical cal-
culations of sample paths fits the analytic one well.
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Figure 1: The typical sample path on (X, ˜X) plane for ¯β = 0.5, ¯β = 1
and ¯β = 3 with ¯β = ~ωβ and X =
√
mω
~
x.
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Figure 2: Figure (A): The analytic solutions of the probability distri-
bution for ¯β = 3, ¯β = 1 and ¯β = 0.5 with ¯β = ~ωβ and X =
√
mω
~
x.
Figure (B): The probability distribution which is obtained numerically
from 105 sample paths of the non-tilde and tilde stochastic equations.
Finally, we show the position-momentum uncertainty
relation in stochastic mechanics [22, 23]. Taking the
sample average of equation (72), we obtain the rela-
tion, E[p] = E[p∗], where we have introduced the no-
tations of p = mb and p∗ = mb∗. On the other hand,
multiplying equation (72) by xi, we drive the relation,
E[xi p j − xi p∗ j] = −~δi j. Utilizing the above relations,
we can evaluate the quantity:
E
[
(xi − E[xi])
( pi − p∗i
2
− E
[ pi − p∗i
2
])]
= −~
2
.
(98)
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The Schwarz’s inequality is applied to equation (98),
then the position-momentum uncertainty relation in
stochastic mechanics is given by
√
Var[xi]
√
Var[(pi − p∗i)/2] ≥ ~2 . (99)
The position and momentum uncertainty at finite
temperature for harmonic oscillator is checked explic-
itly. The variances of xi and (pi − p∗i)/2 are
Var[xi] =
~
2mω
1
tanh
(
β~ω
2
) , (100)
Var[(pi − p∗i)/2] = m~ω2
1
tanh
(
β~ω
2
) , (101)
and the position and momentum uncertainty is given by
√
Var[xi]
√
Var[(pi − p∗i)/2] = ~2 + ~n , (102)
n =
1
eβ~ω − 1 . (103)
Note that the position and momentum uncertainty de-
pend not only on Planck constant ~ but also on the tem-
perature of the system. This result is consistent with
the position-momentum uncertainty relation derived by
thermal Bogoliubov transformation [16, 17].
6. Summary
In this paper, we have extended the Nelson’s stochas-
tic quantum mechanics to thermal situation in frame-
work of Thermo Field Dynamics (TFD) [18]. We set the
four stochastic equations: the two are for the non-tilde
particle in forward and backward times, and the other
two are for the tilde particle in forward and backward
times. The essence of our successful formulation is to
make the pairs, i.e., the pair of non-tilde operator in for-
ward time and tilde one in backward one, and the pair of
non-tilde operator in backward time and tilde one in for-
ward one, taking into account that the time-evolution of
the tilde system corresponds to the time reversed one of
the non-tilde one. We have shown that the four stochas-
tic and two Nelson-Newton equations reproduce the
corresponding TFD-type Schro¨dinger equation, which
is equivalent to the Liouville-von Neumann equation.
In our formalism, the drift terms in the stochastic equa-
tions have the temperature dependence and the thermal
fluctuation is induced through the quantum correlation
between the non-tilde and tilde systems. In the limit
of zero temperature, the temperature dependence in the
drift terms disappears and our formulation reduces to
the original Nelson quantum mechanics at zero temper-
ature. Note that our formulation can be easily extended
to many-body systems including systems of identical
particles [8, 9]. In application of our theory to harmonic
oscillator, we have analyzed the position-momentum
uncertainty relation at finite temperature. Our com-
bined formulation of the Nelson’s stochastic quantum
mechanics and TFD gives us a new insight into quan-
tum theory in thermal situation.
Finally we comment on another view about the ther-
mal and quantum fluctuations in our formalism. The
origin of the thermal fluctuation in our formalism is
quite different from that in the phenomenological theory
of irreversible processes which is described by the clas-
sical Langevin equation with the temperature dependent
random noise. Instead of the coordinates x and x˜, we in-
troduce new coordinates for harmonic oscillator as
X(t) =
√
(1 + n)x(t) − √nx˜(t) , (104)
˜X(t) =
√
(1 + n)x˜(t) − √nx(t) , (105)
n =
1
eβ~ω − 1 , (106)
and suppose that the stochastic equations for X(t) and
˜X(t) are given by
dX(t) = −ωX(t)dt
+
√
~(1 + n)
m
dW −
√
~n
m
d ˜W , (107)
d ˜X(t) = ω ˜X(t)dt
+
√
~(1 + n)
m
d ˜W −
√
~n
m
dW . (108)
Here the drift terms have no temperature dependence,
but the random noise terms depend on both the tem-
perature and the Planck constant ~. In the zero tem-
perature limit β → ∞, the random noise terms ap-
proach standard Wiener processes with coefficient
√
~
m
.
In high temperature limit, the ~ dependence of the ran-
dom noise terms vanishes, as it is expected that the sys-
tem becomes classical, and the random noise becomes√
2kT/(ωm)(dW − d ˜W)/√2 . This way the stochastic
equation for X(t) becomes the classical Langevin equa-
tion.
Our future task is to apply our formalism to various
cases, such as system with the anharmonic oscillator po-
tential, and to extend formalism to quantum open sys-
tems [15, 24].
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